Materials with designed properties arises in a synergy between theoretical and experimental approaches. In this study we explore the set of Archimedean lattices forming a guidance to its electronic properties and topological phases. Within these lattices, rich electronic structure emerge forming type-I and II Dirac fermions, topological flat bands and high-degeneracy points with linear and flat dispersions. Employing a tight-binding model, with spin-orbit coupling, we characterize a quantum spin Hall (QSH) phase in all Archimedean lattices. Our discussion is validated within density functional theory calculations, where we show the characteristic bands of the studied lattices arising in 2D carbon allotropes.
I. INTRODUCTION
Since the experimental discovery of graphene 1 twodimensional (2D) materials have become the subject of numerous studies 2,3 . Correspondingly, the family of 2D materials have increased in recent years with the synthesis of new materials, e.g.
transition metal-dichalcogenides 4 , borophene 5 , gallenene 6 , and many others 7 . In synergy with the experiments, high throughput calculations have bring into evidence new 2D phases 8, 9 .
In these lower dimensional materials there is an emergence of phenomena prominent for applications. Particularly, the graphene Dirac fermions 10 , quantum spin, anomalous, valley and fractional Hall phases [11] [12] [13] [14] [15] , but also electronics based in the valley 16 , layer 17 and cone 18 degrees of freedom. On the other hand, monoatomicaly flat materials like graphene are still rare compared with the vast 2D materials class. Interesting properties arise in such class of materials, for instance, the perfectly flat structure of kagome and Lieb lattices presents a topological flat band 19 and fractional quantum Hall effect 20 . Moreover, high degeneracy points in the band structure allows exotic fermions to emerge [21] [22] [23] [24] . Therefore, a focused research in new 2D lattices can uncover quasiparticles (e.g., of the Dirac, Weyl and Kane types) in condensed-matter physics.
Although all possible periodical arrangement of sites in a plane is inconceivable large, there exist classes of 2D crystals that remain with its electronic properties unexploited. For instance, classes of lattices generated by considering one site in every vertex of the k-uniform tilling of the plane 25 , where k is the number of nonequivalent vertexes. The most simple lattices are given by k = 1, i.e. only one nonequivalent vertex, namely uniform tiling, also known as Archimedean lattices, which are shown in Fig. 1 . The notation taken to classify these lattice is to list the types of polygons forming each vertex and the times it appears, for instance (4 , 8 2 ) indicates that each vertex is surrounded by one square and two octagons. Particularly, the well known graphene (6 3 ) and kagome In this paper we explore the electronic properties arising due to the flat structure of the Archimedean lattices. We provide a detailed band structure analysis with respect to single orbital tight-binding models. Therefore, our results can be directly interpreted in different quasiparticle systems, e.g. photonic 28 , phononic 37,38 , magnonic 39 . Moreover, including the intrinsic spin-orbit coupling to the model, we explore the quantum spin Hall phases in electronic systems. Additionally, we validate our discussion presenting materials realizations of the Archimedean lattices.
II. METHOD
To study the Archimedean lattices we consider a single orbital per site tight-binding (TB) Hamiltonian. Throughout the paper we will discuss first the systems without spin-orbit coupling (SOC), and subsequently in the presence of SOC 15, 40 . As the proposed systems are mirror symmetric in the plane of the sites, the Rashba SOC has null contributions. Therefore, the Hamiltonian can be written as
where each term is given by
Here,
T are the creation and annihilation operators for an electron on site i and spin ↑ or ↓; σ = (σ x , σ y , σ z ) are the spin Pauli matrices, d ij is the vector connecting the ith and jth sites; ε i , t ij , λ ij are the on-site energies and strength of hopping and spin-orbit terms. In order to parametrize the Hamiltonian we have considered the hopping and spin-orbit terms exponentially decaying with the inter-site distance
All energies are normalized to the nearest-neighbor (NN) hopping, N = exp{αd nn }, with d nn the NN distance, and taking t = 1 as the energy unit. Within this definition the parameter α controls the contribution of the next nearest-neighbor (NNN) and, further neighbors, in relation to the NN. Therefore for
nn only NN terms are relevant, while for small α the NNN and further terms strength increases.
III. RESULTS
We will focus on the Archimedean lattices formed by more than one type of polygon tilling, as the first three lattices of Fig. 1 2 ), (4, 6, 12), (3, 4, 6, 4), (3, 6, 3, 6) lattices transform as the P 6/mmm space group and are constructed by the Wyckoff point m, q, m and g respectively. The (3 4 , 6) hexagonal lattice transform as P 6/m space group and the k Wyckoff position. The square lattices (4, 8
2 ) and (3 2 , 4, 3, 4) transform respectively as P 4/mmm and P 4/mbm space groups, with m and h Wyckoff positions. Lastly, the oblique (3 3 , 4 2 ) lattice transform as Cmmm space group and with the j Wyckoff position.
As we will shown in the following sections, the Archimedean lattices present a rich electronic structure, ranging from flat bands to multiply degenerated Dirac cones.
A. Archimedean band structure
In this section we discuss the Archimedean lattices band structure without SOC, which can be implemented in photonic crystals and direct related to other quasiparticle systems.
Recently, the appearance of flat bands in materials was given a lot of attention, for instance in photonics 42 due to its analogy with frustrated magnetism 43 and possible fractional quantum Hall phase 44, 45 . Interestingly Besides the perfect flat bands appearing in the whole Brillouin Zone, partially flat (PF) bands are also present in the studied systems. For instance, in the (4, 6, 12) lattice we can see flat bands occurring in the Γ-M direction in the 4th and, due to chiral symmetry, 9th band [PF in Fig. 2(b1) ], while considering NNN hopping [ Fig. 2(b2) ] such symmetry is broken with the PF bands becoming dispersive. A similar case occur at the (4, 8
2 ) and (3 4 , 6) lattices, where in the former the 2nd (3rd) band is flat in the X-M (Γ-X) direction [PF in Fig. 2(c1) ], while in the latter the 4th band is flat in the Fig. 2(b1) ] we find 5 points with double degenerated bands, which means that one of then is an accidental degeneracy. All except one (shaded region) of this double degenerated bands have linear conelike dispersion. By taking NNN hopping into consideration we can see that the non-linear crossing opens a gap at the K-point [ Fig. 2(b2) inset] . On the other hand, this two bands are still degenerated close to the K-point, forming a Dirac nodal line enclosing such point.
Different from the symmetric type-I Dirac cone dispersion appearing in the kagome (3, 6, 3, 6) lattice [ Fig. 2(e1)-(e2) ], in the (3 3 , 4 2 ) lattice we see a tilted linear crossing [DP in Fig. 2(h1)-(h2) ], i.e. type-II Dirac quasiparticle. Such feature, appearing also in borophene 47 , and transition-metal dichalcogenides 48, 49 , have a non-trivial Berry phase 50 . Lastly, in the (3 2 , 4, 3, 4) lattice a linear, but not conical, dispersion can be observed along wave vectors crossing the X-M direction. Such feature form a nodal line in the border of the Brillouin Zone, with the linear dispersion for vectors crossing this line.
High degeneracy (HD) points in the band structure allows exotic fermions to emerge 21, 22 . For instance, a hybrid state between a pseudospin 1 and pseudospin 1/2, also know as Kane fermion, have been observed in an 2D MOF 22 . A signature of such fermion is a flat band forming a three-fold degeneracy with a Dirac cone. Interesting we find in the (4, 8
2 ) lattice two points with a pseudospin-1 Dirac dispersion, at the Γ and M [HD Fig. 2(c1) ]. On the other hand taking the NNN hopping into consideration its degeneracy is lowered [ Fig. 2(c2) ]. A different scenario appears in the (3 4 , 6) lattice, where at the Γ point we find two Dirac cones, with different velocities, degenerated with a flat band, forming a pseudospin-2 Dirac dispersion [HD in Fig. 2(f1)-(f2) ]. In this case the degeneracy is still present even considering NNN hopping.
In the following section we will discuss the effect of SOC to the Archimedean lattices band structures, and characterize the emergent quantum spin Hall phases.
B. QSH phase induced by SOC
In order to characterize the possible QSH phases in the Archimedean lattices, we take the SOC term into account. Usually, the opening of an energy gap, in previous FIG. 3. Band structure with SOC and NNN hoppings (α = 3.0/dnn) (a1)-(h1). Nanoribbons band structure with projected contribution of the edge sites (a2)-(h2), the size of each line is proportional to the edge contribution and the color is the Sz spin projection. Within the plots, Eg labels the energy gaps, while T1 and T2 the backscatering protected edge states. degenerated bands, due to the atomic SOC, is a signature of QSH phase 40 .
By considering the SOC term, within the NNN hopping bands of Fig. 2(a2)-(h2) we see the gap opening on some of the degenerated points, as show in Fig. 3 . For instance, for all hexagonal lattices, at the Dirac points we see a gap opening. Additionally, the degeneracy points of a flat band and the Dirac cones at the Γ point also presents a gap opening, e.g. the gap at E = 4.0 t on the (3, 6, 3, 6) lattice [E g in Fig. 3(e1) ]. In particular, the triple degeneracy of (3, 4, 6, 4) Γ point around E = 1.0 t also breaks into three non-degenerated points [E g in Fig. 3(d1) ]. The same occur to the quintuple degeneracy at (3 4 , 6) Γ point at E = 2.5 t [E g in Fig. 3(f1) ]. For the square lattice (4, 8
2 ) the degeneracy of Γ and M points are broken, as in the non-symmorphic lattice (3 3 , 4, 3, 4) Γ point [E g in Fig. 3(c1) and (g1)]. In contrast, the degeneracy at X-M direction arising from the non-symmorphic symmetry is preserved. Lastly the accidental degeneracy of the tilted Dirac cone in the oblique (3 3 , 4 2 ) lattice also become gaped with the inclusion of the SOC.
To characterize the existence of the QSH phases, we have tracked the Wannier charge centers evolution 51, 52 to determine the Z 2 topological invariant. A summary of the Z 2 index as a function of the Kramers pair bands occupation is shown in Fig. 4 . Interestingly all studied lattices presents in some particular occupation a QSH phase. For instance, as stated, in all Dirac cones the SOC lead to a QSH edge state. To highlight a few cases, in the (3, 12
2 ) lattice [black circles in Fig. 4 ] a Z 2 = 1 phase 1 2 3 4 5 6 7 8 9 10 11 is observed for the occupation of the first Kramer pair of bands, i.e. the Fermi level being in the lower Dirac point of Fig. 3(a1) . Indeed, computing the edge states band projection we find spin-textured bands within the same energy window, T 1 in Fig. 3(a2) . Beside the Dirac points, the degeneracy point between a flat and dispersive bands also lead to the QSH phase, e.g. the 4th and 6th occupation of (3, 12
2 ) lattice in Fig. 3(a1) has Z 2 = 1 [Fig. 4 ]. In turn, it leads to the backscattering protected edge states, shown by T 2 in Fig. 3(a2) . A particular case occur in the hexagonal (4, 6, 12) , where the SOC do not open the accidental degeneracy Dirac node between 6th and 7th band [ Fig. 3(b1) ], which in turn do not have a defined Z 2 invariant. The same occur also for the nonsymmorphic symmetry protected degeneracy between 1st and 2nd bands of (3 2 , 4, 3, 4) [ Fig. 3(g1) ]. The application of the results above rely on the synthesis of materials in Archimedean lattices structures. In the next section we discuss the material realization of the Archimedean lattices, while as a proof of principle we have characterized the existence of its characteristic band dispersions arising in carbon allotropes.
C. Materials realization of Archimedean lattices
It is interesting to point out that materials with Archimedean lattices are already proven theoretically and experimentally to exist. First, graphene 1 , the most studied 2D material, is the immediate example of the (6 3 ) Archimedean lattice. Experimentally, self-assembly of molecules in surfaces lead to a variety of possible structures, where structures equivalent to the (3, 4, 6, 4) 53 , (3 4 , 6) 54 and (3 2 , 4, 3, 4) 55 have been observed. By using first-principles calculations, it was predicted materials with the Archimedean lattices, e.g. graphenylene, an allotrope of carbon, presents the (4, 6, 12) lattice 29 . Also, a 2D boron sheet form the (3 4 , 6) structure 31 . Bellow, as a proof of principle, we present three other Archimedean lattices and show the presence of its characteristic electronic dispersion.
Here, by using first-principles calculations, based in the density functional theory (DFT), we focus in the monoatomic layers of carbon allotropes. Within the VASP 56 code we relax the atomic positions and lattice vectors, until the force in each atom was less than 1 meV/Å. We have considered the PBE 57 functional to describe exchange and correlation term, with the projector augmented-wave 58 method for the electron-ion interaction. The wave functions were expanded in a plane-wave basis with cutoff energy of 500 eV. For BZ integration, a 11 × 11 × 1 k-mesh was considered. For the calculations of the force constants we considered a 3×3 supercell with energy convergence criteria of at least 10 −8 eV. In two-dimensions, carbon atoms usually form the planar 3-fold coordinated sp 2 hybridization. Naturally, satisfying this geometry, the carbon atoms could form the (3, 12 2 ), (4, 6, 12) and (4, 8 2 ) lattices. In fact, as shown in Tab. I, this carbon lattices present formation energy close to the already synthesized graphyne phase (∼ 0.7 eV/atom) 59, 60 . To find the stability of the Archimedean carbon lattices we have calculated the phonon spectra, as shown in Fig. 5(a1)-(c1) , where no negative frequencies were find, in agreement with previous study 61 . Furthermore, in the ground state structure we find mean carbon-carbon distance ( d cc ) with a deviation of only 1% in relation to the graphene lattice (d cc = 1.42Å), as shown in Table I . However, a fluctuation in d cc is observed for nonequivalent bond directions, which we can see from the charge density map in the inset of Fig. 5(a1)-(c1) , with dark red regions indicating greater charge density, correlated with smaller d cc . Nevertheless, this bond distance variation do not modify the space group in relation to the perfect Archimedean lattice. The planar geometry of this systems will lead to a decoupling of the carbon p orbitals, in the even (p x /p y ) and odd (p z ) in-plane mirror symmetries. Furthermore, the p z orbitals have azimuthal symmetry, therefore the interaction with neighbouring p z will be only distance dependent. The proposed TB hamiltonian of the second section has exactly this picture, in turn it will capture the bands formed by the carbon p z orbitals. First for the (3, 12 2 ) lattice, note that the p z orbitals, orange cir-cles in Fig. 5(a2) , form the low energy Dirac crossing and structure of flat bands enclosing Dirac dispersion, found in Fig. 2(a1) , with the flat band resonant in the Fermi energy. Such occupation configuration is exactly one that has a Z 2 = 1 phase with the inclusion of SOC. For the (4, 6, 12) lattice, Fig. 5(b2) , the Fermi level is exactly in the accidental highlighted crossing shown in the inset of Fig. 2(b1) . However, due to the higher bond distance variation ( δd cc ), this accidental degeneracy is lifted by a energy gap of 50 meV. Nonetheless, the Dirac crossings are still preserved in 2.3 eV (−1.8 eV) above (below) the Fermi level. Lastly, in the most stable (4, 8 2 ) lattice, the p z orbitals show a breaking of the three-fold degeneracy in the M -point, Fig. 5(c2) . Such feature indicates the relevance of NNN neighbours hopping, compare for instance with Fig. 2(c1)-(c2) . Furthermore, external perturbations allow the control of these Archimedean bands. For instance, an isotropic strain field will change the atoms distance allowing a control of the NN and further neighbour hopping percentage, while proximity effects can induce SOC leading to the QSH effect 62 
IV. SUMMARY
The Archimedean lattices presets rich electronic structure. For instance, we find type-I and II Dirac crossings and flat bands. Additionally, high degeneracy points, associated with pseudospin-1 and -2 Dirac quasiparticles have been found. The inclusion of spin-orbit couplings lead to topological energy gaps, where we construct a map to the occupation with backscaterring protected edge states. Finally, our lattice tight binding model is corroborated by showing, within first-principles calculations, the existence of the characteristic Archimedean bands in stable 2D carbon allotropes. These results work as a guide for exploration of designed 2D lattices.
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